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Aequationes Mathematicae 16 (1977) 1-20 Birkhduser Verlag, Basel
University of Waterloo

Expository papers

Regular polyhedra—old and new

BrANKO GRUNBAUM

Abstract. Although it is customary to define polygons as certain families of edges, when considering
polyhedra it is usual to view polygons as 2-dimensional pieces of the plane. If this rather illogical point
of view is replaced by consistently understanding polygons as 1-dimensional complexes, the theory of
polyhedra becomes richer and more satisfactory. Even with the strictest definition of regularity this
approach leads to 17 individual regular polyhedra in the Euclidean 3-space and 12 infinite families of
such polyhedra, besides the traditional ones (which consist of 5 Platonic polyhedra, 4 Kepler-Poinsot
polyhedra, 3 planar tessellations and 3 Petrie-Coxeter polyhedra). Among the many still open
problems that naturally arise from the new point of view, the most obvious one is the question whether
the regular polyhedra found in the paper are the only ones possible in the Euclidean 3-space.
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What about regular polyhedra in other spaces?

@ Bracho et al., 2000: Projective polyhedra with planar faces.
e McMullen, 2007: Regular polyhedra in E* (P3).

@ Regular maps on the torus.

Can we classify regular polyhedra in the 3-dimensional torus T3?
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| will not explicitly skip any definition

@ The 3-dimensional torus ’]I‘ff\ is the quotient of E? by a group A
generated by 3 independent translations.
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| will not explicitly skip any definition

@ The 3-dimensional torus ']I‘f‘\ is the quotient of E? by a group A
generated by 3 independent translations.
@ A polyhedron P in ']I‘?\ is a set of vertices, edges and faces such that.

» Every face is a connected 2-valent graph.
» Every edge belongs to 2 faces.
» The vertex-figures of P are cycles.

@ The symmetry group G(P) is the set of isometries of T3 that
preserve P.

e P is regular if G(P) acts transitively on flags.
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© Is the “polyhedron” induced by P actually a polyhedron?
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T

© Is the “polyhedron” induced by P actually a polyhedron?
Q Is P as symmetric as P?

© Is every regular polyhedron P, induced this way?
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The usual trick

Q@ G(P)=(R;:iel),

Tero (UNAM) Highly Symmetric Toroidal Polyhedra



The usual trick

Q@ G(P)=(R;:i€l),
Q@ R; = Rit;,

Tero (UNAM) Highly Symmetric Toroidal Polyhedra



The usual trick

Q@ G(P)=(R;:i€l),
Q@ R; = Rjt;,
Q@ H(P)={R,:icI}u{-Id}).

Tero (UNAM) Highly Symmetric Toroidal Polyhedra



The usual trick

O G(P)=(R;:i€cl),

Q@ R; = Rjt;,

Q@ H(P)=({R,:iecI}u{-Id}).

Q@ P, is as symmetric as P if and only if A is preserved by H(P).
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The usual trick

O G(P)=(R;:i€cl),

Q@ R; = Rjt;,

Q@ H(P)=({R,:iecI}u{-Id}).

Q@ P, is as symmetric as P if and only if A is preserved by H(P).
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P al(1,0,0) afa,1,0 a1,
a @ (@p,a1] | @p @ (@p,a1] | @ @1 (a@p, @)
3,3t 2 2 - 2 2 - 1 2 1,2]
Gy 1 o2 w2 |11 - 7t (G
{4, 3} 2 2 - 1 2 (1,2) 1 2 (1,2)

Table 6: Parameters for finite polyhedra
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Polyhedron ‘ Possible values of a
A )
P ‘ al(1,0,0) aA,1,0 oty Y ; 2 T(}Nq)“ W ::ﬁ B :“"""’,,
@ @ (@0,01] | @p @1 (@, ) | @ @ (& 2 ’ =/avo

0 1 0, @1 o 1 0, @1 o 1 o ﬂETN\{l) ifﬁ:/\(‘,j‘up

3,3t 2 2 - 22 - 12 & ae d(N\{1,2)) ifA=(Au), t3)°
1 1

B4 12 (12 |1 1 - 1 (TEe [aenN\) TA= (ALT, 150
{4,3} 2 2 - 1 2 1,2) 1 2 (1 ae%(lN\{l)) if/l:(/l(:::’,tg)u
Table 6: Parameters for finite polyhedra 16,3} ael(N\(1,2) ifA= (/l{:':}, )2
aelN ifA= (AE:":', t3)?

Table 8: Parameters for planar apeirohedra
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Polyhedron | Possible values of a
i — o
P ali,0,0) aA,1,0 a1, 4 a i 11;1 }N{i)(l ) I:ﬁ _ :("o'"’u
@ @ (@o,a1] | @ @1 (@.an) | @0 @1 (@ ae s ' P4 =Nase
aeN\{1} ifA=A111
a2 2 -2z -2k ae3N\[1,2) A= U, 6
Bappr o2 @y 11 -y 1 G.6l | aen\() A=A ?o%:fs)”
) ifA= gy e
Ton A (A3 D
P ‘ (P ‘ Ao Poss/llbl_e::lnes ofa o La) A= (Aﬁ"" 0
= 0/(1,0,0 =0A1,1,00 =0aAa,1,1) A= (A(:If), 592
{4, 64} A ae2N aeIN aeN nar apeirohedra
{6, 44} Aa,1,1) a € 2N, a€ 2N, aeN,
a=4, p=t4 (mod12) a=15, p=t4 (mod12) a=5, p=+4 (mod12)
{6,613} | 2/a1,0 ae2(N\{1}) ae2(N\{1}) aeN\{1}
{00,6}44 | MNiapy ae2N ae2N aeN
{oo,8)64 | A1,a,1 a € 2N, a € 2N, aeN,
a=5, p=+4 (mod12) a=5, p=+4(mod12) a=%, p=+4 (mod12)
{00, 66,3 | 2/,1,0) ae2N a € 2N aeN
{6,614 2/1,0,0) ae2(N\{1}) ae2N aeN
{4,6)¢ 2A1.0,0) ae2N a€2N aeN
{00,319 | 2,1y a € 2N, ae2N, aeN,
a=5, p=+4 (mod12) a=5§, p=+4(mod12) a=2%, p=+4 (mod12)
{00, 3} | 2Aa,1,1 a€2N, a€2N, aeN,
a=§,p=+4 (mod12) a=§, p=+4(mod12) a=§, p=t4 (mod12)
{6, 4}6 2/1,0,0) ae2N aeN\{1} aeN\({1}
{00,4}..3 | Aaan ae2N aeN\ (1} aeN

Table 7: Parameters for pure apeirohedra
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Polyhedron | Possible values of a
i — o
? aA,00) aA,,0 oty Y ¢ i 11;1 }Nii)(l M I:: _ ;\‘(1,0,“)‘]
a @ (@p.a1] | @ @ (@, a1] | @ a1 (ap ae3( ’ A= 1.0
aeN\{1} ifA=Aa1,
3,302 2 - 2 2 - 12 a ae 3(N\(1,2) ifA=(Au), )"
1
B2 @y |11 -yt 3,6 | aeN\(1) ifA= (A ;;g%,w
) ifA= gy e
il 19N FA_ ABST D
P ‘ T(P) ‘ e Possillblev:lnes ofa Aon L2) A= Mgi,o 0
= Qi = @ = a. "
(1,0,0) (1,1,00 (1,1,1) A= (/l(::f), t5)?

(4,64} | Aaan - - "

{6,414} | Aaay ? | A0 | A0 | Aaay | (A, ts)

{4, 4#() | 2tp,2trandr<g. | 2tp2trn2|fand2r<g. | 24p,2trand2r<g. |2+ p 24 r2+ §and

(6,613} | 210 24p,2|rand 954 s 24p 2162 qand | 2rs
(00, 6) Atie p,2|randr<g. Z{n,llr.ZIE.ZIEand Ps I, qan r<g.

i '14)“ A“" 2|p.2trand2r<g. | rgg. 2r<g. 2{p.2+r.2|%and

00, 4,4 (1,1,1) 2|p,2|randr<g. z}plz+r,z+§,z‘§,2+g 2tp.2ln2tqgand | r<g.

(00, 6) by andrs<g. r<g. 2tp,2|randr<g.

0,

{66)"3 M“""” 24p.2tr2t 3215219 | 2Ip,2trand2r<g. | 2|p,2trand2r<g.

{4'6)“ Mu‘u,n) and 2r<g. 2|p,2|rand2r<g. | 2|p,2|randr<g.

' [‘b) (1:0:0) 2fp,2|rand2r<g.
{00, 3} 2N,
2|p,2trand2r<g.
2|p,2|randr<g.
(a)
{00, 3} 2010 [ 4y eo] g=1,2tpand2+tr. | g=1,2}p,2+r,2+q,2+ts. | g=3anddonotoccur | g = 1,2 + p,2 t rand
g =3anddonotoccur | g=3andnoneofthefollowing | thatr = +4 (mod 12) | 2| q.

{6':)6 ZA/‘“'D'") that r = +4 (mod 12) | occur: and 2| p. g = 3 and do not oc-
foo, 4], a1 and 2| p. r=+4 (mod 12)and2|p. | g¢{1,3}. curthat r = +4 (mod 12)
Table 7: Parameters fo g¢{1,3hL r=+2 (mod 12)and 2 { pg. and 2| p.

g¢ 11,3} g¢{1,3}
Table 9: Parameters for {4, 4}#{ }, {4, 4}#{co} and their Petrials
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To summarise

Finite polyhedra
» {3,5}, {5, 3}, their petrials and stellations: non-regular.
» {3,3}, {3,4}, {4,3} and their petrials: regular with boring drawings.

Planar polyhedra: Regular with boring and no-that-boring drawings.

@ Pure apeirohedra: Regular, almost all with only boring drawings.

Blended apeirohedra : Regular with crazy drawings.
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