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Maniplexes

A n-maniplex is a graph:

Connected and simple,

Valency n,

Properly-edge n-coloured,

The (i, j, I, J)-paths are alternating
squares, whenever |1 —j| > 1




Polytopes vs maniplexes




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1

rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes
rk 3

rk 2

rk 1
rk O

rk —1




Polytopes vs maniplexes

rk 3

rk 2

rk 1

rk O

rk —1



Polytopes vs maniplexes

rk 3

rk 2

rk 1

rk O




Polytopes vs maniplexes




Polytopes vs maniplexes Always a

@ N Fl ( @Iﬁamplex




Polytopes vs maniplexes Always a

P Fl(@“ja”""“

rk 3

rk 2

rk 1

rk O

Pos(.)




Polytopes vs maniplexes

M

Pos(.)



Polytopes vs maniplexes

M

Pos(.)



Polytopes vs maniplexes

M

* Being a polytope is very nice, but very
restrictive.

Pos(.)



Polytopes vs maniplexes

M

* Being a polytope is very nice, but very
restrictive.

Pos(.)

* Classical operations on polytopes often do not
vield polytopes.



Polytopes vs maniplexes

M

* Being a polytope is very nice, but very
restrictive.

Pos(.)

* Classical operations on polytopes often do not
vield polytopes.

* 5(S) (dual)




Polytopes vs maniplexes

M

* Being a polytope is very nice, but very
restrictive.

Pos(.)

* Classical operations on polytopes often do not
vield polytopes.

* () (dual)

* 1(P) (Petrie-dual)... not necessarily 1?




Polytopes vs maniplexes

M

* Being a polytope is very nice, but very
restrictive.

Pos(.)

* Classical operations on polytopes often do not
vield polytopes.

* 0(<) (dual)
* 1(P) (Petrie-dual)... not necessarily 1?

* MRC(£)...1? (the Tomotope)




Polytopes vs maniplexes

M

* Being a polytope is very nice, but very
restrictive.

Pos(.)

* Classical operations on polytopes often do not
vield polytopes.

* 6(F) (dual) 4
* 1(P) (Petrie-dual)... not necessarily 1?
* MRC(£)...1? (the Tomotope)

* Covers




Polytopes vs maniplexes

M

Pos(.)

° Being a polytope is very nice, but very Polytopes
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* Classical operations on polytopes often do not
vield polytopes.
* 5(S) (dual)
o 1(P) (Petrie-dual)... not necessarily 1?
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Pos(.)

* Ranked poset (each maximal chain
contains (n + 2) elements);

* Diamond condition;

Hubard, Garza-Vargas (2017):

Pos(. ) is strongly flag connected iff / has the
path intersection property.

* Strongly flag connected.
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Hubard, Garza-Vargas (2017): * Ranked poset (each maximal chain
If /4 has the path intersection property, then contains (11 + 2) elements).

* M is faithful * Diamond condition
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Hubard, Garza-Vargas (2017):

If ./ has the path intersection
property, then

*  is faithful
* / has the diamond condition

* M is polytopal
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Hubard, Garza-Vargas (2017): Leemans, Toledo (2025):

If ./ has the path intersection

property, then * If Z is faithful has the DC and is of
e Wis faithful rank 3, then it has the PIP (is
polytopal)

* M has the diamond condition * There exist infinitely many maniplexes

. that are faithful have the DC but are
A is polytopal . non-polytopal (of rank n > 4)

e e
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o
FI(P) ¢ P = Pos(M)

Hubard, Toledo (2025):
For every rank n > 4 there exist n-maniplexes .Z such that Pos(.Z) is polytopal

out FI(Pos()) % M.

All of them are unfaithful.

P
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What can go wrong?

* Two flags ® and ¥ in a maniplex are are i-equivalent if they have the same i-face
¢ We write ® 4 P
* They are chain-equivalent if @ LW for every [ (we write ® ~ V)

* Chain-equivalence is an equivalence relation, [D] is the equivalence class of ©

O === 0 O === 0Q

AL VA
¢i| | |
0\ /0 0\ /0

O === 0 O === 0
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Faithfulness in maniplexes

Faithfulness and covers
* Ifr: M — M isacover,and ® ~ W, then 7(P) ~ 7(\V)

* Ifthe STG (w.rt.I" < Aut(.)) of a maniplex is faithful, then @ ~ ¥ implies that they
belong to the same | -orbit.

Theorem

The mix of faithful maniplexes is a faithful maniplex.

Theorem

The minimal regular cover of ajgithful maniplex is a faithful maniplex.
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* Ifa € Aut(A) and ® ~ V¥, then Pa ~ Ya.
* Take ' < Aut(#) and ® aflag. Denote by I, the stabiliser of an i-face of ./ and

F@]:FOH ﬂFn_l

* Fora €, ® = ®aifandonlyif a € 14, (hence, @14, C [D])
* Assumethat @ ~ ¥, then ® ~ Yaiff a € 'y,

* [®D]is aunion of I 4 -orbits with at most one I 4,-orbit per I -orbit.
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Faithfulness and symmetries

* If 4 isreqular, 1’ = Aut(.#), then . is faithful if and only if

Loy =1

* If M isrotary, I = Aut™ (M), then / is faithful if and only if

[y =1 and oclonTNn...nT,_, =@

* we also have similar results for other 2-orbit maniplexes and for arbitrary STG
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Classification of unfaithful scenarios for regular 4-maniplexes:

If A/ is regular unfaithful 4-maniplex of type {p, g, r} then one of the following hold
1. has one facet or one vertex.

2. I is non-orientable, p and r are even and the relation (popl)p/ 2 = Px(Prp3) 2 holds. In
this case ./ hast at most two facets.

The dual scenario of 2.

P12 = pa(pap3)™

)r/2

4. The numbers p and r are even and the relation py(po21)

pl2

5. The numbers p and r are even and the relation (pyp )"~ = (P03
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Classification of unfaithful scenarios for chiral 4-maniplexes:

If / is chiral unfaithful 4-maniplex of type {p, g, r} then one of the following hold
1. has one facet or one vertex.

2. Therelation of — 03C holds for some numbers ¢ and c.
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