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The are often represented by simplices.

𝒰 n

 acts freely on flags.Aut(𝒰)

A tessellation  is regular if  acts 
transitively on flags (i.e. there is only 1-flag 
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𝒰 Aut(𝒰)

In general, we say that a tessellation is -orbit 
if it has  orbits on flags.

k
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• Three families of regular tessellations;

• Four families of 3-orbit tessellations;

• Sixteen families of 6-orbit toroids with three different 
symmetry type  (7+7+2);

• Three families of 8-orbit;

• Twelve families of 12-orbit with two different symmetry 
types (7+5);

• The rest, with 24 flag-orbits.
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Fig. 1 Conjugacy classes of
vertex stabilisers for toroids of
type {4,4}

In Fig. 1 we give all five possible conjugacy classes of subgroups K′ with the prop-
erty that 〈χ〉 ≤ K′ ≤ S. The class corresponding to the stabiliser S and representing
all regular (1-orbit) toroids of type {4,4} is labelled ‘1’. The label ‘4’ represents all
4-orbit toroids of type {4,4} and corresponds to the subgroup 〈χ〉 of the stabiliser S.
The three classes corresponding to the subgroups 〈χ,R1R2〉, 〈χ,R1〉 and 〈χ,R2〉 are
labelled 2, 21 and 20,2, respectively, and represent three different classes of 2-orbit
toroids of type {4,4}. The labels used are the same as in [14]. Henceforth, in this
subsection we name the classes by these labels.

The vertex set of the regular tessellation U = {4,4} may be taken to be Z2, the
set of points in E2 with integer coordinates. Let the base of the corresponding lattice
Λ{4,4} be the standard orthonormal basis {e1, e2}. Every sublattice Λ of Λ{4,4} can be
described by two generating translations t1 and t2 with vectors v1 and v2, respectively.
The induced toroid U /Λ is denoted by {4,4}v1,v2 .

First we consider the class 1, that is, the case where the toroid U /Λ is regular and
the corresponding vertex stabiliser of o in U is S = 〈R1,R2〉. Then, R1R2 ∈ S is the
rotation by π

2 around o. Assuming v ∈ Λ \ {o} is such that d(v, o) ≤ d(v′, o) for any
v′ ∈ Λ\ {o}, the orbit of v under 〈R1R2〉 is a set of four points forming the vertices of
a square. Clearly, there cannot be other points in Λ at distance d(v, o) from o as the
distance between any such point and v〈R1R2〉 would be smaller than d(v, o). In addi-
tion, since R1,R2 ∈ S, these four points must be either on the coordinate axes x and
y or on the lines y = x and y = −x, yielding the two well-known possible families
of regular toroids {4,4}(a,0),(0,a) and {4,4}(a,a),(a,−a), respectively. (In the notation
of [3], these two toroids are denoted by {4,4}(a,0) and {4,4}(a,a), respectively, but in
order to specify classes of equivelar 3-toroids in general we need to use two vectors.)

Let us now consider the conjugacy class 2, that is, the class consisting of chiral
toroids. The corresponding vertex stabiliser of o is K′ = 〈R1R2〉. As above, using the
rotation R1R2 ∈ K′ we see that the four points in Λ closest to o form a square. If
none of these four points are on a coordinate axis or the lines y = ±x, the toroid is
chiral, otherwise it is regular. Such toroids are the well-known {4,4}(b,c),(−c,b), where
bc(b − c) '= 0 (note that in [3], these are denoted by {4,4}(b,c)).

For the conjugacy class 20,2 the reflection R2 in the x-axis belongs to K′. Fol-
lowing Sect. 2, we let Λ = ⋃

k∈Z(ΛΠ + kv), where Π is the x-axis and v /∈ Π

can be chosen to be a lattice point closest to the origin among the ones closest
to Π . Let c ∈ Z be such that (c,0) is a generating vector of ΛΠ . Then either
1
2 (v + vR2) ∈ ΛΠ or 1

2 (v + vR2) /∈ ΛΠ giving us the two possible families for
toroids in this class. If 1

2 (v + vR2) ∈ ΛΠ , then v = (0, b) for some b ∈ Z, giving
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Theorem 7 can be extended to a family of equivelar 4-toroid invariant under R3.
Throughout, Π denotes the plane z = 0 fixed by R3. As before we let P = P (Λ)

be the 4-toroid induced by Λ. As noted in Sect. 2, ΛΠ = Λ ∩ Π is a 2-dimensional
sublattice of Λ inducing an equivelar toroid K = K(Λ) of type {4,4}.

The classification of regular and chiral toroids of any rank was completed by Mc-
Mullen and Schulte in [10]. Since regular and 2-orbit 4-toroids are all invariant under
R3 (see Fig. 3), in this section we obtain this classification, for rank 4, using methods
similar to the ones we used for rank 3 in Sect. 4. In fact, we conclude that there are
no 2-orbit equivelar toroids of rank 4.

6.1 Extensions of 3-Toroids

Since R3 and the translations preserving U project to symmetries of the 4-toroid P , a
flag containing an edge in the direction of the z-axis and its 0-adjacent flag are in the
same orbit. We consider all possible ways in which the 3-toroid K induced by ΛΠ

can be extended to a 4-toroid. Note that, since χ is the product of the reflections about
the three coordinates planes, the half-turn χR3 about the z-axis leaves Λ invariant. In
other words, the restriction of χ to Π extends to a half-turn in E3 that preserves Λ.
The other symmetries of K that have to be considered (see Fig. 1) are the reflections
denoted r1 and r2, about the lines x = y and y = 0, respectively, as well as the rotation
r1r2. These symmetries of K need not always extend to symmetries of P . In what
follows we shall make use of the following straight-forward lemma.
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Collins, M.,  2021 

Complete classification of equivelar tessellations of the -torus with at most  flag-orbits.n n
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